Proposal for revealing quantum nonlocality via local contextuality 
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Two distant systems can exhibit quantum nonlocality even though the correlations between them 
admit a local model. This nonlocality can be revealed by testing extra correlations between succes- 
sive measurements on one of the systems which do not admit a noncontextual model whatever the 
reduced state of this system is. This shows that quantum contextuality plays a fundamental role in 
quantum nonlocality, and allows an experimental test of the Kochen-Specker with locality theorem. 
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Introduction. — One of the most striking aspects of 
quantum mechanics (QM) is quantum nonlocality; that 
is, the impossibility of reproducing quantum correlations 
in terms of classical local hidden variable (HV) theories 
[l[ . In this Letter we will show that there is a fundamen- 
tally different way to reveal quantum nonlocality which 
does not involve classically inexplicable correlations be- 
tween distant systems. For this purpose, we derive a 
Bell inequality which is violated by QM. The important 
point is that the quantum violation occurs even though 
the correlations between the main system and the auxil- 
iary one can be reproduced with a local model. The ob- 
stacle for classical local theories is the state-independent 
contextuahty of one system 0, [3| rather than the correla- 
tions between distant systems. This shows that quantum 
contextuality, a property of quantum systems with more 
than two states, plays a fundamental role in quantum 
nonlocality, and provides a different way to experimen- 
tally observe quantum nonlocality, valid for any system 
with d > 2 states entangled with an auxiliary system 
with d states. We will illustrate it with an inequality 
violated if d > 4, which is particularly simple, but the 
method can be also applied to any system with d > 2. 

This inequality serves some additional purposes. The 
first is to point out that, contrary to a common belief 
(see, e.g., [1]), there is something new to learn about 
quantum nonlocality from the proofs of the so-called 
Kochen-Spccker (KS) with locality theorem of impos- 
sibility of local HV theories "free will" theo- 
rem 13, m, which cannot be learned from other proofs 
of quantum nonlocality like [H, [l2l - [l5| . The second is 
to elude the criticisms to some recent experiments to 
test the KS theorem of impossibility of noncontextual 
with ions [l^l, neutrons [2^, pho- 
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HV theories 
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2ll [22|, and nuclear magnetic resonance systems 



[23j . The problem of noncontextual HV theories is that 
the assumption of noncontextuality is not motivated by 
a physical principle, like locality in Bell inequalities, so 
one might think that noncontextual theories are physi- 
cally unplausible IT], |2J] , since there are classical models 
reproducing the results of these experiments [H, [i^ . A 
third purpose is to avoid a loophole in these experiments 
due to the nonperfect compatibility of sequential mea- 
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FIG. 1. Scheme of the experiment to reveal quantum nonlo- 
cality by local contextuality. Alice performs three compati- 
ble dichotomic measurements sequentially, for example, A, B, 
and C on her system (qubits 1 and 2), while Bob performs 
a single measurement, for example, C' on his system (qubits 
3 and 4). According to QM, the product of the results of A, 
B, and C can be predicted with certainty whatever the state 
of Alice's system. The experiment also tests the correlations 
between Alice and Bob's systems. According to QM, in the 
state Q, the results of C and C' are perfectly correlated. 



surements [19l.l26l|. 

Scenario. — Consider four qubits distributed between 
two distant locations. Alice has qubits 1 and 2, and Bob 
has qubits 3 and 4. In each run of the experiment, Alice 
performs three successive compatible measurements on 
the subsystem composed of qubits 1 and 2, and Bob per- 
forms a single measurement on the subsystem composed 
of qubits 3 and 4; as illustrated in Fig. [T] The separa- 
tion between Alice and Bob's measurements inhibits any 
communication between Alice's (Bob's) choices of mea- 
surements and Bob's (Alice's) results. The four qubits 
are initially prepared in the state 
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where |V^-)y- = -^{\0)z <» - «) \0)j). On qubits 
1 and 2, Alice sequentially measures one of the six se- 
quences: ABC (i.e., first she measures A, then B, and 
finally C; see Fig. [T]), bac, jf3a, Aaa, bB/3, or 7cC, 
where: 



A = zi, 
a — X2, 
a = ziX2, 



B^Z2, 

b = xi, 

/3 = XiZ2, 
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and Z1X2 = cri^"* ® ax"' , that is, the tensor product of the 
Pauh matrices Z of qubit 1 and X of qubit 2. Sequential 
measurements of this type have been recently made on 
ions and photons (2l| . 

In the state ([T]), each of the nine observables (HJ of 
qubits 1 and 2 is perfectly correlated or anticorrclatcd 
with the corresponding observable of qubits 3 and 4. In 
particular, 
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{BB'} = -1, 
(cc') = 1, 



(CC) 
iaa') 



1, 



-1, 



m') = 1, (3) 



where 



B' = Z4, C" — a' = X4, 

c = a = Z3X4, P' = x^Zi. (4) 

Therefore, in the state ([T]), the results of B,C,...,(3 
can be predicted with certainty from the results of 
B' ,C' , . . . , f3' , respectively. This prediction is the same 
regardless of whether /3 is measured in the sequence 7/3a 
or in the sequence bB/3. 

Bell inequality. — Any local HV theory satisfies 



{oj) = ix) + {S) < 16, 



(5) 



where 



ix) = (ABC) + (bac) + {-fl3a) + (Aaa) + {bB/3) - (jcC), 

(6) 

and {ABC) denotes the average of the product of the 
outcomes of A, B, and C measured in the sequence ABC, 
and 

{S) =\{BB')abc\ + \{BB')bBp\ + \{CC')abc\ + \{CC')-,cc\ 
+ \{aa')bac\ + \{aa')Aaa\ + \{cc')bac\ + \{cc')jcc\ 
+ \{aa')^pa\ + \{aa')Aaa\ + |(/3/3')7/3a| + l(/3/3')fcB/3L 

(7) 

where {BB')abc denotes the average {BB') in those 
events where B is measured in the sequence ABC on 
qubits 1 and 2, and B' is measured alone on qubits 3 and 
4. 

Proof: Let us denote by 13' the outcome (—1 or 1) the 
local HV theory assigns to B' when no other observable 
is measured before B' . Similarly, C is the outcome the 
local HV theory assigns to C when no other observable 
is measured before C In any local HV theory, B' and 
C are well defined even though both cannot be simulta- 
neously measured. Therefore, any local HV theory must 
satisfy the following inequality: 

{AB'C') + {ba'c') + {-fl3'd') + {Aa'a') + {bB'$')-{jdC') < 4, 

(8) 

where the upper bound 4 can be obtained by checking 
all possible combinations of outcomes (—1 or +1) for 
A,B',...,j. 



Inequality ^ is not directly testable because B' and 
C (or a' and c') cannot be measured both in the first 
place. However, the following sequence of inequalities: 



\{AB'C") ~ {ABC)\ 

< \{AB'C') - {ABC')\ + \{ABC') - {ABC)\ 

< {\AB'C' - ABC'B'^l) + {\ABC" - ABCC" 
= {\AB'C'{1 - BB')\) + {\ABC'{1 ~ CC')\) 
<1-\{BB')\ + 1-\{CC')\ 



^ 2, 



(9) 



allows us to see that the term {AB'C) in ^ is lower 
bounded by experimentally testable quantities, 

{AB'C) > {ABC) + \{BB') 

abc'\ + \{CC')abc\ — '^- (10) 

Similarly, we can obtain experimentally testable lower 
bounds for {bd'c'), (7/3'a'), {Aa'd'), {bB'jS'), and 
— {■yc'C'). Introducing all of them in ([5]), we obtain in- 
equality (O. ■ 
Quantum violation. — The quantum prediction for the 
state H]) is 
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which violates inequality ([5|). This violation is due to 
a different reason than the violation of previous Bell in- 
equalities [H, [H, [iBl. Inequality ([5]) has two terms: The 
term {S), defined in ([7]), contains correlations between 
the two distant systems. In the state ([1]), all of these 
correlations are trivial [see Eq. Q], thus {S) takes its 
maximum value {S) = 12, and inequality ([5]) becomes 



(X) < 4. 



(12) 



The term (x), defined in (|6]), only contains correlations 
between successive measurements on one of the local sys- 
tems (Alice's). Inequality (|12l) is similar to the inequality 
23) 1 for noncontextual theories. How- 
321,2^, one assumed that if A 
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and B are compatible, then the outcome of B does not 
depend on whether A has been measured before B, in- 
equality (O holds for any local HV theory, even for those 
in which a previous measurement of A can change the 
outcome of B. 

The difference between the maximum quantum viola- 
tion and the classical bound is the same for the inequality 
dS]) and the inequality p^ . In both cases, the quantum 
violation occurs because, in QM, 



(x)qm = 6, 



(13) 



since the product of the three operators representing A, 
B, and C is the identity 1, and the same for bac, ^(3a, 
Aaa, and bB(3, while it is —1 for jcC. This quantum 
violation is independent of the state of Alice's system: 
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It holds not only when it is in a maximally mixed state 
[which is the reduced state of qubits 1 and 2 when the 
state of the four qubits is ([T])], but also in any other 
state. Therefore, neither entanglement nor the reduced 
state of Alice's system play a role in the violation of in- 
equality ([T^ . Consequently, the role of entanglement in 
the violation of inequality (O is marginal. The role of 
the entanglement of the state ([T]) is to allow us to con- 
vert a test of state-independent quantum contextuality 
like those in 0, El, [H Hil into a Bell test. The only 
explanation in terms of HV of the results observed in 
previous experiments 0, 21 , 23| is that the outcomes of 



lated as long as 



the measurements on Alice's system have changed due to 
previous measurements on Alice's system, as in the mod- 
els proposed in 2^ 2^. In the experiment proposed in 
this Letter, we can test whether this is actually happen- 
ing by testing wether the expected perfect correlations 
Bob's system have changed due to these previous mea- 
surements. We assume that the outcomes of A, b, and 
7 cannot change neither due to previous local measure- 
ments (because they are always measured first), nor due 
to spacelike separated measurements (because we assume 
locality). However, in the sequence ABC, the outcomes 
of B and C could change by previous local measurements. 
To detect a contextual behavior in the sequence ABC, we 
measure ABCB' (i.e., we measure the sequence ABC on 
Alice's system, and B' on Bob's) in half of the cases, and 
ABCC in the other half, and then calculate {BB') 
and {CC')abc. 
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The entanglement of the state ((T)) can be replaced by a 
different kind of entanglement. For example, Alice's four- 
state system could belong to a four-system four-level sin- 
glet state , and a violation of a Bell inequality would 
occur due to the violation of ([T2l) by performing the same 
sequential measurements on Alice's system. 

Experimental requirements. — As in any Bell experi- 
ment, spacelike separation between one observer's choice 
of measurements and the other observer's result is re- 
quired if the "upper bound to the speed with which in- 
formation can be effectively transmitted" is assumed to 
be the speed of light We think that there is no fun- 
damental obstacle to satisfy this requirement (see, e.g., 
[285), but even an experimental test of inequality ([5]) 
without spacelike separation would be important: If the 
results agree with QM, it would demonstrate the impossi- 
bility of contextual explanations of the results on Alice's 
system under the assumption that no mutual disturbance 
occurs between the measurements on Alice's system, and 
the measurements on Bob's, which is a more plausible 
assumption than the unrestricted noncontextuality as- 
sumed in previous experiments l3"23|. The question is 
whether such an experiment is feasible. 

A simple calculation shows that inequality ([5]) is vio- 
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where V is the visibility of the prepared states, assum- 
ing that, instead of a perfect singlet l?/"^) in ([T]), we have 
p = V\il)^){i})^ I + (1 - ^)l/4, and (x)expt is the observed 
value for (x). The achieved visibility of two-qubit max- 
imally entangled states with two separated ions is 0.97, 
which corresponds to a fidelity F — 0.99 [HI (assuming 
that F = \yJW + 1). Then, according to it would 
be enough to observe (x)cxpt > 4.59 to violate dS]). The 
achieved violation of the inequality ^ for a two-qubit 
maximally mixed state is 5.30 [l^. For (x)oxpt = 5.30, 
inequality ^ would be violated ii V > 0.93. These re- 
sults suggest that it is feasible to observe a violation of 
the inequality ([S]) with trapped entangled ions. Similar 
promising results can be obtained by combining the ex- 
perimental fidelities of pairs of hyperentangled photons 
(see, e.g., [30|) and the observed violation of the inequal- 
ity ([U for single photons [2l| . 

Conclusions. — We have shown that there is a difl^er- 
ent way to experimentally reveal quantum nonlocality 
based on a violation of a Bell inequality which involves 
not only correlations between distant systems but also 
correlations between successive measurements on one of 
the local systems. The former can be reproduced with 
local models, the latter cannot be reproduced using non- 
contextual models. The thing that makes any model that 
tries to reproduce the trivial correlations with an auxil- 
iary distant system nonlocal is the need of a contextual 
explanation of the state-independent behavior of one of 
the systems. This result suggests that the key quantum 
property behind quantum nonlocality is quantum con- 
textuality, a property of any quantum system with more 
than two states, rather than only entanglement. 

The inequality also provides an experimentally testable 
version of the KS with locality or "free will" theorem 
I 111 , allows us to experimentally exclude models proposed 
125', '2^ to explain the results of some recent experiments 
|19l423| , and avoids the extra assumptions required when 
dealing with a loophole specific to these experiments 

0, 

111. 

An experimental violation of this inequality would not 
only prove the impossibility of local theories and a class 
of nonlocal theories (those in which the correlations be- 
tween successive measurements on one system are non- 
contextual), but would shed new light on the origin 
of quantum nonlocality, highlighting the importance of 
quantum contextuality. 
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